ELEN E3401 Solution
Electromagnetics Problem Set 1 February 10, 2025

Problem 1: Traveling Waves [30 pts]

Consider two sinusoidal waves given by the following functions:

Eq(z,t) = Egcos(10t — 20z + g)
Es(z,t) = —Epcos(10t + 20z + g)

a Determine the direction of propagation and phase velocity for each of the two
waves.

Consider a single point on the wave (constant phase front), i.e.
wt — Bz + ¢o = const.

So

z= ; (wt + ¢o — const.)

To get the propagation speed of the phase front, take the first time derivative:

0z w
=2 =,

o B
Both w and 3 of Fy(z,t) are greater than zero, so the velocity is positive and thus the wave

is propagating in the .

upl =

w1 10 1 /
— = — = —1In/s
B 20 2

For Fy(z,t), w is positive and f is negative, so the velocity is negative and thus the wave is

propagating in the .
w2 10 1

’UJp2:E:_72O:—§m/S

b Show that both waves satisfy the wave equation, given below:

2 2
PE_ 1B "
022 u]% ot2

Plug in our expression for E(z,t) and see if the equality holds.

Spatial Derivatives:

E E
2p 2R
88221 = —400E) cos(10t — 20z + g) and 88222 = 400Ey cos(10t + 20z + g)
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Time Derivatives:

OF OFE
aTl = —10Eysin(10t — 20z + g) and aTQ = 10E sin(10t + 20z + g)
0’E O0’E.
8721 = —100Ep cos(10t — 20z + g) and 8t22 = 100E, cos(10t + 20z + g)
Substituting these results into equation 1
T 1 s
Ey: —400Eqcos(10t — 202 + ) — — (—100E0 cos(10t — 202 + 5)) =0

upl

1
Ey:  400Eqcos(10t + 20z + %) - — (100Eo cos(10¢ + 20z + %)) =0
u
P2

We know from part a that u, = % and up2 = —%, making this substitution

Ey:  —400E) cos(10t — 20z + g) —4 (—100E0 cos(10t — 20z + g)) =0

Es:  400Eqcos(10t + 20z + g) 4 (100E0 cos(10t + 202 + g)) =0
Thus, both Ej(z,t) and Es(z,t) satisfy the wave equation!

¢ Find the z locations where the waves interfere constructively and destructively
(where their superposition is maximal and minimal) at ¢ = 7/20 s.

First, we find the function for each wave at the specified instantaneous time:

™ ™ ™
Ei(z,t= %) = Ep COS(lO(%) — 20z + 5) = Eycos(—20z + )
5

Ey(z,t = 2%) =—FEy cos(l()(;—o) +20z + g) = —Ejcos(20z + %)

We can find constructive and destructive interference when Ey — Ey = O:

)
Epcos(—20z 4+ m) + Ep cos(20z + %) =0

cos(—20z + 7) = — cos(20z + 5%)

11
cos(—20z + ) = cos(20z + Tﬂ)

Our solution for constructive interference will have the form:

117
—20z +7 = 27m—|—202+7

™ s

T 90 18
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Our solution for destructive interference will have the form:

11
—202+7r:7r(2n+1)+202+%
_mm U
20 240

We can check our solution by graphing the superposition of the two waves:

0.6 T T T T T T T

———— E, (2t=n/20)E (2 4=r/20)

O z=7n20- 748 i
X 2= rni20 - 117240

Amplitude

-0.6
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Problem 2: Linear System - Time and Phasor Domain [30 pts]

Consider the simple circuit shown in the diagram below with a resistor R and an
inductor L in series with a voltage source: v(t) = Acos(wt + ¢) and a switch. Initially

the switch is open. At ¢t =0, the switch is closed.

At t = 0 switch closed

A

+

v = Acos(wt + @) /\D

(a) Write the differential equation governing the behavior of the current i(¢) through
the circuit for ¢ > 0. Using KVL:
vr(t) = Ri(t)

di(t)
ot

’UL(t) =1L

di(t)
ot

vit) = Ri(t) + L

(b) Develop a solution to this differential equation in the time domain. Make an
attempt toward obtaining an expression for i(t) for all time. You may not be able

to obtain the complete solution - please show all your work in the process.

@ + El =0 t<0
_Jot L
vW=v9 R 4
= 4+ =i = =cos(wt t
5 + 7° Lcos(w +¢) >0
Solve for i(t) when ¢t > 0,:
oi + Ez = écos(wt + )
ot L L
’ A
elgtg)z + e%tgi = e%tfcos(wt + 9)
Define 7 = %:
61@ +ei1' = eiécos( t+ ¢)
ot L v
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% (i(t)e£> = e%%cos(wt + )

PO o P LA
/Oat<z(t)er)dt—/0 efzcos(wt+¢)dt

t

i(t)et — i(0) = /teﬁ‘gcos(ww o)t
Substitute i(0) = 0: ’
i(t) = e%f Ot eicos(wt + ¢)dt (2)
Solving to this point is sufficient for full credit.
Second order integration by parts:

tt’

t ’ / /
/ er cos(wt’ + ¢)dt' = Tet?cos(wt' +o)L=h — T/ e (—w)sin(wt’ + ¢)dt’
0 0
’ , t ’
= (T@écos(wt +¢) — Tcos(qb)) + wT (Tetf sin(wt’ + @)L =4 — wT/ er cos(wt' + qb)dt’)
0
t t by
= (Te?cos(wt +¢) — Tcos(¢)> +wTt (Te? sin(wt + ¢) — Tsin(d))) —w?r? / et cos(wt’ + ¢)dt!
0
Move the last part to the left side of the equation:
to
(1 +w?r?) / et?cos(wt' + ¢)dt’ = rer (cos(wt + @) + wrsin(wt + ¢)) — 7(cos(P) + wrsin(¢))
0
Define:
tan(0) = wr
sin(©) = il

V14 w?r?
1

V1+w2r?
t
/ et?cos(wt' + ¢)dt’ = %\/ 1+ w272 (€£COS(Wt +¢ —0) —cos(¢ — @)>
0

cos(©) =

1+ wr
Plug back into Eq.2:
A

i(t) = N L (cos(wt +¢—0)— e?cos(qb - @))
Vit
(c) For the same circuit and conditions, obtain the phasor expression for the current.
v(t) = Re{Vel'} = V = Ael?
i(t) = Re{Ie/*'}
Zr=R,Z; = jwL

Using KVL:
V = RI 4 jwLI = (R+ jwL)I
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(d) Solve this equation for the phasor current

(e) Transform back to the time function for the current i(¢).

A e L
Z(t) = R@ {Wejd)e]‘Ut} ,@ = tan_l (L‘JR>

- A &9
Ry\/1+ wQ%eﬁ'@

A o
i(t) = Re eIPelvt
Ry/1 —i—wQ%eﬂ'@
A
i(t) = ———=cos(wt + ¢ — O)
Ry/1 +w2%

A

. 7T
Z(t) = WCOS(&M + ¢ — @)

(f) Comment on the methodology of the time domain versus using the phasor domain

L.
Recall that 7 = B

to obtain the solution to this linear system.

The first term of the expression found in part b is the same as the solution found in part
e. This term is the steady state solution, the solution as ¢ — 7. The second term in the
expression for part b is the transient solution, which has no ¢ dependence. When we only care

about the steady state solution, phasor domain solutions are far easier to work through.
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Problem 3: Circuit Analysis using the Phasor Domain [40 pts]

Consider a parallel RLC circuit shown in the figure below and driven by the current source:

is(t) = Ipcos(wt + g)[A]

v(t)

i.(t) CD R L C

(a) Obtain the equation for v(¢) in terms of R, L,C, and i4(t).
Using KCL:
is(t) = ic(t) + iR(t) + i (t)

is(t) = Cagit) + Ug) + }J/O v(t")dt

(b) Convert this differential equation to the phasor domain.

~ ~ 1~ - 1 1
Iy = jwCV V4 —V=V{jwC+ 5+ —
Jw + +]wL (]w +R+ij>

=

- -
where I, = Ipels

(c) Solve the equation for V, the steady-state phasor voltage across each component.

Is ]LURL ~

= 1
jwC+ p+5p  R—wRLC+ jwL B

V=

(d) Using the phasor domain analysis obtain the full time domain expression v(t).

JwRL ~

‘7 == S
R — w?RLC + jwL

WRLeIS i
V(R =w?RLC)? + (wL)2ef °

V:
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where

Where@:g—e

- 1 wlL
b= tan <R - w2RLC>

‘7 _ OJRL ej(g_e)fs
V(R —w?RLC)? + (wL)?
wRLI ™
v(t) = cos(wt + - —0O
() V(R —w2RLC)? + (wL)? ( 3 )




